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Methods and Algorithms

Polarization effects due to dielectric mismatch between two 
media are known to influence the spatial distribution of the 
charged particles in the vicinity of the interface. Few open-
source software packages support coarse-grained models 
with surface polarization effects. 

We implement and extend three methods for incorporating 
surface polarization effects into LAMMPS: the boundary 
element method (BEM) for solving the Poisson’s equation, 
the image charge computation (ICC*) method, and the 
direct optimization of an energy functional of induced 
charge density. Our implementation is complementary to 
COPPS and works seamlessly with SSAGES.

⇢f (r) = ✏0r · [✏(r)E(r)] = r ·D(r)
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Displacement equation:

r ·E(r) =
⇢f (r)

✏0✏
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Gauss’s law:

1. Boundary element method (BEM) – COPPS

2. Image charge computation (ICC*) – Holm et al.

3. Optimization of an energy functional of induced 
surface charge density – Olvera et al.

The induced charges are then solved iteratively using the successive over relaxations approach:
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where E(m)
(s) is the electrical field at the patches due to both free and induced charges at iteration m. Similarly,

E(m)
(s) excludes the contribution from �f (s). The tuning parameter ! is usually chosen in the range of 0.5� 2.0 to

facilitate the convergence of the solver. Initial values of the induced charges can be zero or reused from the previous
time step. Unlike the previous method, the ICC⇤ method does not require large memory footprint; the only bottleneck
is the number of electrical field calculations until convergence.

2.1.3. Direct optimization of an energy functional of induced charge density
Another route to computing the induced charges is to develop an energy functional of the induced charge density,

of which the minimum corresponds to the electrostatic energy at the corresponding induced charge density. Jadhao et
al. proposed the following energy functional with respect to the induced charge density [7]:
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where G(a,b) =
1

|a� b| is the bare Green function, and

G(a,b) =

Z
G(a, s)✏dsn(s) ·rsG(s,b)ds,

where ✏ds is the dielectric difference at s, ✏ms is the dielectric average at s and

G (a,b) =

ZZ
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0
) ·rs0G(s0,b)dsds0.

Jadhao et al. showed that I is an energy functional because 1) the extremum of I with respect to �b is a minimum
and 2) the minimum value is the physical electrostatic energy. We can directly optimize I with respect to �b by solving
for @I/@�b = 0 to yield the induced surface charges. Note that the functional I can be written as
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where R⇢⇢, R⇢� and R�� are the operators in the square brackets, of which R⇢⇢ is independent of �b. As a result,
setting @I/@�b = 0 leads to
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0, s)]�b(s)ds = 0, (25)

which in the discretized form reads
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which after rearrangement gives the displacement equation:

⇢f (r) = ✏0r · [✏(r)E(r)] = r ·D(r). (7)

Consider an interface I separating two homogeneous media with dielectric constants, ✏1 and ✏2, respectively. The
interface is considered sharp when its characteristic dimension (i.e. thickness) is much smaller than those of the two
media. In these cases, the interface leads to the discontinuity in the electrical field E and hence in the polarization
field P. For piece-wise uniform dielectric systems as such, the problem boils down to computing the bound charges
at the interface between two media given a spatial configuration of real charges.

In the following, we will describe three solvers for computing the bound (induced) charges: the boundary element
method for the Poisson equation [2], the image charge computation method [5], and the direct optimization of an
energy functional of induced charge density[7]. The relationship between the three solvers is discussed in detail in
Ref. [2]. Essentially, the solvers give the induced charges at the discrete points on the interfaces for given a spatial
distribution of the real charges. The induced charges and the real charges are then used in an MD time step to compute
Coulombic forces and energies as usual.

2.1.1. Boundary element method for the Poisson’s equation
Using the boundary element method (BEM), Barros et al. developed an iterative solver for the surface bound

charges [2, 4]. They derived the relationship for the free and surface bound charges by applying the Gauss’ law to the
volume enclosing an infinitesimal area at point s on the interface [3, 4]. Integrating Eq. (7) over that volume gives
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(1)

(s)] · n(s) = �f (s), (8)

where n(s) is the normal unit vector at the interface pointing from medium (1) to medium (2), and �f (s) is the free
charge density at s. Similarly, integrating Eq. (1) over that volume gives

✏0[E
(2)

(s)�E(1)
(s)] · n(s) = �f (s) + �b(s). (9)

Combining Eqs. (8) and (9) and approximating the discontinuous electrical field at the interface by E(s) = [E(1)
(s)+

E(2)
(s)]/2, we arrive at

�f = ✏0(�✏)E · n+ ✏̄(�f + �b), (10)

where �✏ = ✏2 � ✏1 and ✏̄ = (✏1 + ✏2)/2. Note that because the electrical fields E(1)
(s) and E(2)

(s) are actually
defined in the vicinity of the interface, not exactly at the interface, the approximate electric field E(s) should exclude
the contribution from �f (s). If we decompose the electrical field E(s) = Ef (s)+Eb(s), where Eb(s) is the electrical
field due to only the surface bound charges �b at point s and Ef (s) is the electrical field due to all charges other than
�b, then Eq. (10) can be re-arranged into

✏̄�b + ✏0(�✏)Eb · n = (1� ✏̄)�f � ✏0(�✏)Ef · n, (11)

so that the left hand side contains the terms dependent upon �b only and the right hand side upon �f . It is important
to note that Ef (s) is computed from the free charges scaled by their local dielectric constant ✏i (see Eq. (1)).

In numerical calculations, the interface I is discretized into M points and Eq. (11) has the form of a matrix-vector
equation:

A�b = b, (12)

where

A�b = ✏̄�b + ✏0(�✏)Eb · n, (13)

and

b = (1� ✏̄)�f � ✏0(�✏)Ef · n. (14)
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Reduction to interface:
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✏̄ = (✏1 + ✏2)/2

�✏ = ✏2 � ✏1
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The induced charges are then solved iteratively using the successive over relaxations approach:
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where E(m)
(s) is the electrical field at the patches due to both free and induced charges at iteration m. Similarly,

E(m)
(s) excludes the contribution from �f (s). The tuning parameter ! is usually chosen in the range of 0.5� 2.0 to

facilitate the convergence of the solver. Initial values of the induced charges can be zero or reused from the previous
time step. Unlike the previous method, the ICC⇤ method does not require large memory footprint; the only bottleneck
is the number of electrical field calculations until convergence.

2.1.3. Direct optimization of an energy functional of induced charge density
Another route to computing the induced charges is to develop an energy functional of the induced charge density,

of which the minimum corresponds to the electrostatic energy at the corresponding induced charge density. Jadhao et
al. proposed the following energy functional with respect to the induced charge density [7]:
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|a� b| is the bare Green function, and

G(a,b) =

Z
G(a, s)✏dsn(s) ·rsG(s,b)ds,

where ✏ds is the dielectric difference at s, ✏ms is the dielectric average at s and

G (a,b) =

ZZ
✏dsn(s) ·rsG(a, s)G(s, s0)✏ds0n(s

0
) ·rs0G(s0,b)dsds0.

Jadhao et al. showed that I is an energy functional because 1) the extremum of I with respect to �b is a minimum
and 2) the minimum value is the physical electrostatic energy. We can directly optimize I with respect to �b by solving
for @I/@�b = 0 to yield the induced surface charges. Note that the functional I can be written as
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where R⇢⇢, R⇢� and R�� are the operators in the square brackets, of which R⇢⇢ is independent of �b. As a result,
setting @I/@�b = 0 leads to
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which in the discretized form reads
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[R��(sk, sl) + R��(slsk)]�b(sk)ak = 0, (26)
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A new user package in LAMMPS: USER-DIELECTRIC
• new atom style: AtomVecDielectric
• new pair and kspace styles for per-atom electrical fields

• new fixes: FixPolarizeBEM, FixPolarizeICC, 
FixPolarizeFunctional

Advantages:
• Compatible with existing functionalities in LAMMPS including 

molecular, rigid bodies, time integrators, long-range 

electrostatics solvers (PPPM and MSM), and built-in analysis
• Support moving and/or flexible interfaces
• Compatible with SSAGES out of the box

No. of surface patches = 642 No. of surface patches = 2562

Acknowledgments: SSAGES for umbrella sampling; WHAM code by Alan Grossfield (U Rochester)
References
• Luijten et al. Phys. Rev. Lett. 2014, 113, 017801 (BEM); Holm et al. J. Chem. Phys. 2010, 132, 

154112 (ICC*); Olvera de la Cruz et al. Phys. Rev. Lett. 2017, 119, 138002. (Energy functional)
Funding: MICCoM
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✏1 < ✏2
<latexit sha1_base64="nfSON9FpoEK8GTQalkzeOSeFcXM=">AAAB/3icbZDLSgMxFIbP1Futt6oLF26CRXBVZoqggouiG5cVHFtoh5JJz7ShmQtJRihDN76KGxcqbn0Nd76NaTuItv4Q+PKfc0jO7yeCK23bX1ZhaXllda24XtrY3NreKe/u3as4lQxdFotYtnyqUPAIXc21wFYikYa+wKY/vJ7Umw8oFY+jOz1K0AtpP+IBZ1Qbq1s+6GCiuDDokEvyc6l1yxW7ak9FFsHJoQK5Gt3yZ6cXszTESDNBlWo7dqK9jErNmcBxqZMqTCgb0j62DUY0ROVl0wXG5Ng4PRLE0pxIk6n7eyKjoVKj0DedIdUDNV+bmP/V2qkOzr2MR0mqMWKzh4JUEB2TSRqkxyUyLUYGKJPc/JWwAZWUaZNZyYTgzK+8CG6telF1bk8r9as8jSIcwhGcgANnUIcbaIALDMbwBC/waj1az9ab9T5rLVj5zD78kfXxDSk4la4=</latexit><latexit sha1_base64="nfSON9FpoEK8GTQalkzeOSeFcXM=">AAAB/3icbZDLSgMxFIbP1Futt6oLF26CRXBVZoqggouiG5cVHFtoh5JJz7ShmQtJRihDN76KGxcqbn0Nd76NaTuItv4Q+PKfc0jO7yeCK23bX1ZhaXllda24XtrY3NreKe/u3as4lQxdFotYtnyqUPAIXc21wFYikYa+wKY/vJ7Umw8oFY+jOz1K0AtpP+IBZ1Qbq1s+6GCiuDDokEvyc6l1yxW7ak9FFsHJoQK5Gt3yZ6cXszTESDNBlWo7dqK9jErNmcBxqZMqTCgb0j62DUY0ROVl0wXG5Ng4PRLE0pxIk6n7eyKjoVKj0DedIdUDNV+bmP/V2qkOzr2MR0mqMWKzh4JUEB2TSRqkxyUyLUYGKJPc/JWwAZWUaZNZyYTgzK+8CG6telF1bk8r9as8jSIcwhGcgANnUIcbaIALDMbwBC/waj1az9ab9T5rLVj5zD78kfXxDSk4la4=</latexit><latexit sha1_base64="nfSON9FpoEK8GTQalkzeOSeFcXM=">AAAB/3icbZDLSgMxFIbP1Futt6oLF26CRXBVZoqggouiG5cVHFtoh5JJz7ShmQtJRihDN76KGxcqbn0Nd76NaTuItv4Q+PKfc0jO7yeCK23bX1ZhaXllda24XtrY3NreKe/u3as4lQxdFotYtnyqUPAIXc21wFYikYa+wKY/vJ7Umw8oFY+jOz1K0AtpP+IBZ1Qbq1s+6GCiuDDokEvyc6l1yxW7ak9FFsHJoQK5Gt3yZ6cXszTESDNBlWo7dqK9jErNmcBxqZMqTCgb0j62DUY0ROVl0wXG5Ng4PRLE0pxIk6n7eyKjoVKj0DedIdUDNV+bmP/V2qkOzr2MR0mqMWKzh4JUEB2TSRqkxyUyLUYGKJPc/JWwAZWUaZNZyYTgzK+8CG6telF1bk8r9as8jSIcwhGcgANnUIcbaIALDMbwBC/waj1az9ab9T5rLVj5zD78kfXxDSk4la4=</latexit><latexit sha1_base64="nfSON9FpoEK8GTQalkzeOSeFcXM=">AAAB/3icbZDLSgMxFIbP1Futt6oLF26CRXBVZoqggouiG5cVHFtoh5JJz7ShmQtJRihDN76KGxcqbn0Nd76NaTuItv4Q+PKfc0jO7yeCK23bX1ZhaXllda24XtrY3NreKe/u3as4lQxdFotYtnyqUPAIXc21wFYikYa+wKY/vJ7Umw8oFY+jOz1K0AtpP+IBZ1Qbq1s+6GCiuDDokEvyc6l1yxW7ak9FFsHJoQK5Gt3yZ6cXszTESDNBlWo7dqK9jErNmcBxqZMqTCgb0j62DUY0ROVl0wXG5Ng4PRLE0pxIk6n7eyKjoVKj0DedIdUDNV+bmP/V2qkOzr2MR0mqMWKzh4JUEB2TSRqkxyUyLUYGKJPc/JWwAZWUaZNZyYTgzK+8CG6telF1bk8r9as8jSIcwhGcgANnUIcbaIALDMbwBC/waj1az9ab9T5rLVj5zD78kfXxDSk4la4=</latexit>

✏2
<latexit sha1_base64="eN1eOY7VRrAmclNJmKWHOuJOWco=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbbUDbbSbt0swm7G6GE/gsvHlS8+nO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE3lvxikGMR1IHnFGjZUeu5hqLhLZq/cqVbfmzkCWiVeQKhRo9ipf3X7CshilYYJq3fHc1AQ5VYYzgZNyN9OYUjaiA+xYKmmMOshnF0/IqVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSGUbgrf48jLx67Wrmnd3Xm1cF2mU4BhO4Aw8uIAG3EITfGAg4Rle4c3Rzovz7nzMW1ecYuYI/sD5/AHkdJCZ</latexit><latexit sha1_base64="eN1eOY7VRrAmclNJmKWHOuJOWco=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbbUDbbSbt0swm7G6GE/gsvHlS8+nO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE3lvxikGMR1IHnFGjZUeu5hqLhLZq/cqVbfmzkCWiVeQKhRo9ipf3X7CshilYYJq3fHc1AQ5VYYzgZNyN9OYUjaiA+xYKmmMOshnF0/IqVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSGUbgrf48jLx67Wrmnd3Xm1cF2mU4BhO4Aw8uIAG3EITfGAg4Rle4c3Rzovz7nzMW1ecYuYI/sD5/AHkdJCZ</latexit><latexit sha1_base64="eN1eOY7VRrAmclNJmKWHOuJOWco=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbbUDbbSbt0swm7G6GE/gsvHlS8+nO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE3lvxikGMR1IHnFGjZUeu5hqLhLZq/cqVbfmzkCWiVeQKhRo9ipf3X7CshilYYJq3fHc1AQ5VYYzgZNyN9OYUjaiA+xYKmmMOshnF0/IqVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSGUbgrf48jLx67Wrmnd3Xm1cF2mU4BhO4Aw8uIAG3EITfGAg4Rle4c3Rzovz7nzMW1ecYuYI/sD5/AHkdJCZ</latexit><latexit sha1_base64="eN1eOY7VRrAmclNJmKWHOuJOWco=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbbUDbbSbt0swm7G6GE/gsvHlS8+nO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE3lvxikGMR1IHnFGjZUeu5hqLhLZq/cqVbfmzkCWiVeQKhRo9ipf3X7CshilYYJq3fHc1AQ5VYYzgZNyN9OYUjaiA+xYKmmMOshnF0/IqVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSGUbgrf48jLx67Wrmnd3Xm1cF2mU4BhO4Aw8uIAG3EITfGAg4Rle4c3Rzovz7nzMW1ecYuYI/sD5/AHkdJCZ</latexit>

✏1
<latexit sha1_base64="32BBpvyfhPt+niROwyexEJXuadg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQ9lsJ+3SzSbsboQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGis9djHVXCSy5/WqNbfuzkCWiVeQGhRo9qpf3X7CshilYYJq3fHc1AQ5VYYzgZNKN9OYUjaiA+xYKmmMOshnF0/IiVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSBUbgrf48jLxz+pXde/uvNa4LtIowxEcwyl4cAENuIUm+MBAwjO8wpujnRfn3fmYt5acYuYQ/sD5/AHi8ZCY</latexit><latexit sha1_base64="32BBpvyfhPt+niROwyexEJXuadg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQ9lsJ+3SzSbsboQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGis9djHVXCSy5/WqNbfuzkCWiVeQGhRo9qpf3X7CshilYYJq3fHc1AQ5VYYzgZNKN9OYUjaiA+xYKmmMOshnF0/IiVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSBUbgrf48jLxz+pXde/uvNa4LtIowxEcwyl4cAENuIUm+MBAwjO8wpujnRfn3fmYt5acYuYQ/sD5/AHi8ZCY</latexit><latexit sha1_base64="32BBpvyfhPt+niROwyexEJXuadg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQ9lsJ+3SzSbsboQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGis9djHVXCSy5/WqNbfuzkCWiVeQGhRo9qpf3X7CshilYYJq3fHc1AQ5VYYzgZNKN9OYUjaiA+xYKmmMOshnF0/IiVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSBUbgrf48jLxz+pXde/uvNa4LtIowxEcwyl4cAENuIUm+MBAwjO8wpujnRfn3fmYt5acYuYQ/sD5/AHi8ZCY</latexit><latexit sha1_base64="32BBpvyfhPt+niROwyexEJXuadg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQ9lsJ+3SzSbsboQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGis9djHVXCSy5/WqNbfuzkCWiVeQGhRo9qpf3X7CshilYYJq3fHc1AQ5VYYzgZNKN9OYUjaiA+xYKmmMOshnF0/IiVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSBUbgrf48jLxz+pXde/uvNa4LtIowxEcwyl4cAENuIUm+MBAwjO8wpujnRfn3fmYt5acYuYQ/sD5/AHi8ZCY</latexit>

✏2
<latexit sha1_base64="eN1eOY7VRrAmclNJmKWHOuJOWco=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbbUDbbSbt0swm7G6GE/gsvHlS8+nO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE3lvxikGMR1IHnFGjZUeu5hqLhLZq/cqVbfmzkCWiVeQKhRo9ipf3X7CshilYYJq3fHc1AQ5VYYzgZNyN9OYUjaiA+xYKmmMOshnF0/IqVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSGUbgrf48jLx67Wrmnd3Xm1cF2mU4BhO4Aw8uIAG3EITfGAg4Rle4c3Rzovz7nzMW1ecYuYI/sD5/AHkdJCZ</latexit><latexit sha1_base64="eN1eOY7VRrAmclNJmKWHOuJOWco=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbbUDbbSbt0swm7G6GE/gsvHlS8+nO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE3lvxikGMR1IHnFGjZUeu5hqLhLZq/cqVbfmzkCWiVeQKhRo9ipf3X7CshilYYJq3fHc1AQ5VYYzgZNyN9OYUjaiA+xYKmmMOshnF0/IqVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSGUbgrf48jLx67Wrmnd3Xm1cF2mU4BhO4Aw8uIAG3EITfGAg4Rle4c3Rzovz7nzMW1ecYuYI/sD5/AHkdJCZ</latexit><latexit sha1_base64="eN1eOY7VRrAmclNJmKWHOuJOWco=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbbUDbbSbt0swm7G6GE/gsvHlS8+nO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE3lvxikGMR1IHnFGjZUeu5hqLhLZq/cqVbfmzkCWiVeQKhRo9ipf3X7CshilYYJq3fHc1AQ5VYYzgZNyN9OYUjaiA+xYKmmMOshnF0/IqVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSGUbgrf48jLx67Wrmnd3Xm1cF2mU4BhO4Aw8uIAG3EITfGAg4Rle4c3Rzovz7nzMW1ecYuYI/sD5/AHkdJCZ</latexit><latexit sha1_base64="eN1eOY7VRrAmclNJmKWHOuJOWco=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxhbbUDbbSbt0swm7G6GE/gsvHlS8+nO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE3lvxikGMR1IHnFGjZUeu5hqLhLZq/cqVbfmzkCWiVeQKhRo9ipf3X7CshilYYJq3fHc1AQ5VYYzgZNyN9OYUjaiA+xYKmmMOshnF0/IqVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSGUbgrf48jLx67Wrmnd3Xm1cF2mU4BhO4Aw8uIAG3EITfGAg4Rle4c3Rzovz7nzMW1ecYuYI/sD5/AHkdJCZ</latexit>

✏1
<latexit sha1_base64="32BBpvyfhPt+niROwyexEJXuadg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQ9lsJ+3SzSbsboQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGis9djHVXCSy5/WqNbfuzkCWiVeQGhRo9qpf3X7CshilYYJq3fHc1AQ5VYYzgZNKN9OYUjaiA+xYKmmMOshnF0/IiVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSBUbgrf48jLxz+pXde/uvNa4LtIowxEcwyl4cAENuIUm+MBAwjO8wpujnRfn3fmYt5acYuYQ/sD5/AHi8ZCY</latexit><latexit sha1_base64="32BBpvyfhPt+niROwyexEJXuadg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQ9lsJ+3SzSbsboQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGis9djHVXCSy5/WqNbfuzkCWiVeQGhRo9qpf3X7CshilYYJq3fHc1AQ5VYYzgZNKN9OYUjaiA+xYKmmMOshnF0/IiVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSBUbgrf48jLxz+pXde/uvNa4LtIowxEcwyl4cAENuIUm+MBAwjO8wpujnRfn3fmYt5acYuYQ/sD5/AHi8ZCY</latexit><latexit sha1_base64="32BBpvyfhPt+niROwyexEJXuadg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQ9lsJ+3SzSbsboQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGis9djHVXCSy5/WqNbfuzkCWiVeQGhRo9qpf3X7CshilYYJq3fHc1AQ5VYYzgZNKN9OYUjaiA+xYKmmMOshnF0/IiVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSBUbgrf48jLxz+pXde/uvNa4LtIowxEcwyl4cAENuIUm+MBAwjO8wpujnRfn3fmYt5acYuYQ/sD5/AHi8ZCY</latexit><latexit sha1_base64="32BBpvyfhPt+niROwyexEJXuadg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQ9lsJ+3SzSbsboQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQPOKMGis9djHVXCSy5/WqNbfuzkCWiVeQGhRo9qpf3X7CshilYYJq3fHc1AQ5VYYzgZNKN9OYUjaiA+xYKmmMOshnF0/IiVX6JEqULWnITP09kdNY63Ec2s6YmqFe9Kbif14nM9FlkHOZZgYlmy+KMkFMQqbvkz5XyIwYW0KZ4vZWwoZUUWZsSBUbgrf48jLxz+pXde/uvNa4LtIowxEcwyl4cAENuIUm+MBAwjO8wpujnRfn3fmYt5acYuYQ/sD5/AHi8ZCY</latexit>

n
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Strong scaling on a single node: built with LAMMPS version 16Mar18

Benchmark system: Confined polyelectrolyte in a spherical cavity

s

Ongoing and future work

Free energy profile of the polyelectrolyte radius of gyration 
using umbrella sampling with SSAGES

Key findings:
• Polarization effects leads to more compact conformation in the collapse state.
• Trivalent counterions increase the free energy barrier between collapse and coil 

states.

• Validation with COPPS
• Collaboration with Juan de Pablo and Whitmer groups 

using SSAGES for efficient sampling and free energy 
calculations

• Collaboration with Talapin group for nanoparticle 
assembly studies

• Application to other case studies including 
polyelectrolytes, salt-doped block copolymers, and 
proteins

• GMRES to solve a set of linear equations iteratively for sb

• SOR to solve a set of linear equations for sb

• Matrix inversion to solve a set of linear equations for sb
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100-mer + 30 trivalent counterions + 
10 monovalent ions

lB/� = 4.0
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Metallic/Dielectric particle assembly

z

100-mer polyelectrolyte (cyan)
M trivalent counterions (red)
N monovalent counterions (orange)
spherical interface: induced charges (gray)
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Single ion q = +1 (reduced unit)
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